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The tentative gamma-ray line in the Fermi data at ∼ 135 GeV motivates a dark matter candidate
that couples to photons through loops of charged messengers. It was recently shown that this model
can explain the observed line, but achieving the correct phenomenology requires a fairly sizable
coupling between the WIMP and the charged messengers. While strong coupling by itself is not a
problem, it is natural to wonder whether the phenomenological success is not spoiled by higher order
quantum corrections. In this work we compute the dominant two-loop contributions to the electro-
magnetic form-factors of the WIMP and show that over a large portion of the relevant parameter
space these corrections are under control and the phenomenology is not adversely affected. We also
discuss more generally the effects of these form-factors on signals in direct-detection experiments
as well as on the production of the WIMP candidate in colliders. In particular, for low masses of
the charged messengers the production rate at the LHC enjoys an enhancement from the threshold
singularity associated with these charged states.
I. INTRODUCTION
As is well-known, neutral particles uncharged under
the electromagnetic field may still participate in one-
photon exchange processes via a dipole transition. For a
relativistic neutral fermion, χ, the interaction is written
as,
Ldipole =
(µ
χ
2
)
χ¯∗σµνFµνχ+ h.c., (1)
where throughout we use natural units with α = e2/4pi,
and here µχ is the magnetic dipole strength, F
µν is
the electromagnetic field-strength tensor, and σµν =
i[γµ, γν ]/2 is the commutator of two Dirac matrices. This
interaction vanishes when χ = χ∗ is a single Majorana
fermion, but otherwise describes a dipole transition be-
tween two distinct fermions χ and χ∗ as in the case of
neutrinos [1], or between the two Majorana components
of a single Dirac fermion χ = χ∗. If whatever consti-
tutes the observed dark matter in the Universe is a new
fundamental particle, then its eponymous character im-
plies charged neutrality. Nevertheless, dark matter may
still have a magnetic dipole moment as in (1) and the
consequences of this interaction have been explored in a
variety of contexts [2–14]. In this case, the dark mat-
ter χ is a type of a weakly interacting massive particle
(WIMP) and we refer to this scenario as magnetic dark
matter (MDM).
The recent observation of an excess of gamma-ray
events from the center of the galaxy in the Fermi satel-
lite data strengthened the motivation for considering the
magnetic dipole interactions of dark matter; see refs. [15–
19] for early investigations of the line, refs. [20–25] for
∗ ctamarit@perimeterinstitute.ca
† iyavin@perimeterinstitute.ca
p1
p2
q, µ
p1
p2
q, µ
FIG. 1. Magnetic dipole operator generated at one-loop.
more detailed follow-ups, and refs. [26–30] for model-
independent constraints on continuum emissions. The
connection between the magnetic dipole interaction and
the Fermi line was first made explicit in ref. [31], where in
addition the importance of the Rayleigh interaction in-
volving a two-photon coupling was emphasized and clar-
ified (see also the later work of ref. [32]).
At length scales much smaller than the dipole strength
µχ , the interaction (1) is no longer an appropriate de-
scription of the physics and some ultraviolet (UV) com-
pletion of the theory is needed. If the neutral particle
χ is in fact a composite made of smaller constituents
which are themselves charged, then the dipole interaction
arises simply from the charge separation and the dipole
strength µ
χ
is related to the compositeness length-scale
times the charge of the constituents. The neutron is the
prime archetype with a dipole moment of −1.9µ
N
, where
µ
N
is the nuclear magneton. A model of MDM along
these lines was constructed in ref [33] and later investi-
gated in ref. [34] as well.
However, the WIMP χ does not have to be a composite
particle as the interaction (1) may arise from quantum
corrections even for elementary particles. This idea was
first made explicit in the context of MDM in ref. [31]. The
theory does require new charged states, and in ref. [35]
the authors considered a simple UV completion including
a new charged scalar (ϕ) and a charged fermion (ψ) in
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representations of the electroweak group SU(2)W ×
U(1)Y which couple to the WIMP through a Yukawa
interaction
L ⊃ λ ψ¯χϕ. (2)
To lowest order in perturbation theory, this Yukawa in-
teraction generates a magnetic dipole moment for the
WIMP through the diagrams shown in Fig. 1. In ref. [35]
it was shown that this leads to successful phenomenology
in the context of the Fermi-line, but the Yukawa cou-
pling required is large λ ∼ √4pi. It is important to rec-
ognize that strong coupling does not immediately imply
the breakdown of perturbation theory. Nevertheless, one
is legitimately concerned that the next order corrections
are large and may spoil the phenomenological success of
the theory. Thus, in this paper, we set to compute the
next order (two-loop) corrections to the interaction (1)
due to the new Yukawa coupling. We will show that
the next order corrections are indeed under control and
do not adversely modify the phenomenology associated
with thermal freeze-out. In addition, we work out the
effects of the electromagnetic form-factors on the signal
in direct-detection and collider experiments.
The paper is organized as follows: In the next section
we present the relevant diagrams and the different in-
gredients involved in the computation; in section III we
present the results; section IV is devoted to the resulting
phenomenology; we conclude in section V. The reader in-
terested only in the effects on the phenomenology of this
model may wish to skip directly to section IV or even the
conclusions.
II. SETUP
We consider the most general renormalizable La-
grangian for the WIMP χ, the charged scalar ϕ and the
charged fermion ψ. The fields ϕ and ψ are chosen to be
SU(2) doublets with hypercharge 1/2, and we will refer
to them as “messengers”. The Lagrangian is
L = χ¯ (i/∂ −m
χ
)
χ− 1
2
δ χCχ+ ψ¯
(
i /D −Mf
)
ψ
+ (Dµϕ)
†
Dµϕ−M2sϕ†ϕ
+ λψ¯χϕ− κ
4
∣∣ϕ†ϕ∣∣2 + h.c., (3)
where Dµ = ∂µ − igW aµ τa − iY g′Bµ is the covariant
derivative associated with the SU
W
(2) × UY (1) gauge-
bosons, W aµ and Bµ, respectively, and τ
a are the SU
W
(2)
generators obeying tr
(
τaτ b
)
= 12δ
ab and related to the
Pauli matrices through τa = 12σ
a. The parameter δ is a
Majorana mass which splits the Dirac state into a pseudo-
Dirac pair when δ  m
χ
. In this work we concentrate
exclusively on this possibility. The quartic coupling κ is
inconsequential to the phenomenology at one-loop, but
it does contribute at the two-loop level. When SM fields
are included, other operators appear at the renormaliz-
able level. Those were discussed extensively in ref. [36]
and their effect on the phenomenology was addressed in
detail. For the purpose of the present paper we note
that these operators do not present an ”in principle” ob-
struction for successful phenomenology, although their
inclusion certainly needs to be done with care. More im-
portantly, unless their size is so large as to contribute
significantly at tree-level (an undesirable feature), their
effects at loop-level will be entirely subdominant com-
pared to the contributions we considered herein and so
we neglect their effect in the rest of this paper.
An effective coupling between the WIMP and hyper-
charge of the form χ¯ΓµχBµ is generated through loops
involving ψ and ϕ as in Fig. 1. The most general one-
gauge-boson interaction vertex consistent with Lorentz
symmetry depends only on the momentum transfer q2,
and it can be written as
Γµ(q2) = g′γµF1(q2) + iµχσµνqν F2(q2). (4)
The first term is a charge-radius type operator and the
neutrality of χ only demands that the associated form-
factor vanishes at small momentum transfer F1(q
2) → 0
as q2 → 0. The second part of this vertex corresponds to
an effective dipole operator for the WIMP as in Eq. (1)
with the dipole strength defined as 1
µχ ≡ λ
2g′
32pi2Mf
, (5)
where g′ is the hypercharge coupling constant. Both
form-factors were computed explicitly at one-loop in
ref. [35] and the results are reproduced in Appendix C
for completion.
Since this vertex corresponds to a non-renormalizable
operator it is calculable since no local divergences arise
at any order in perturbation theory. At one-loop level
the apparent logarithmic divergence cancels precisely be-
tween the two diagrams of Fig. 1. At two-loop level the
leading (local) divergences should again cancel, but due
to the appearance of sub-divergences we must include
the existing counter-terms of the theory to arrive at a
finite answer. This brings about the usual dependence
of the final answer on the subtraction method and the
renormalization scheme that was chosen to define the
counter-terms. We therefore begin by defining the rel-
evant counter-terms of the theory. We choose to work
with dimensional regularization and minimal subtraction
as the renormalization scheme, and we define
d = 4− 2, (6)
where d is the dimension of spacetime.
The fermion propagator counter-term at one-loop level
is associated only with corrections due to the Yukawa
1 With this choice of the dipole moment, the absolute value of the
one-loop form factor F2 tends to one in the nonrelativistic, large
messenger mass limit, see eq. (C-4).
3coupling,
iM(CT)FP (p) =
p p
= −i ( 12/p+mχ) λ216pi2 1 (7)
≡ i (δZψ/p− δMf ) .
The scalar propagator on the other hand receives correc-
tions associated with the quartic interaction as well and
is given by
iM(CT)SP (p) =
p p
= i
λ2
8pi2
×
(
−p2 + 2(m2
χ
+M2f +mχMf )
) 1

− i κ
16pi2
(
Nϕ + 1
2
×M2s
)
1

(8)
≡ i (δZϕp2 − δMs) .
Here Nϕ is the dimension of the representation of ϕ under
the electroweak SU(2) group (e.g. Nϕ = 2 if ϕ is in
the fundamental). The mass and wave-function counter-
terms for the fermion (δMf and δZψ ) and scalar (δMs and
δZϕ) are defined through the above relations. Similarly
we define the counter-terms for the interaction vertex of
the fermion with the gauge field,
iM(CT)FFV = µ
= −igγµ λ
2
16pi2
1

≡ igγµδFFV, (9)
and the scalar with the gauge-field,
iM(CT)SSV =
p1
p2
q, µ
= ig (pµ1 + p
µ
2 )
−(2 + 6y)λ2
16pi2
1

(10)
≡ ig (pµ1 + pµ2 ) δSSV.
In Fig. 2 we depict all the diagrams at two-loop or-
der which contribute to the magnetic dipole moment
and involve only the Yukawa coupling. To each of these
diagrams there exists a corresponding diagram with a
counter-term inserted instead of the inner loop. This
(1) (2)
(3) (4)
(5) (6)
(7) (8)
FIG. 2. All diagrams at two-loop order contributing to the
magnetic dipole moment involving only the Yukawa interac-
tions.
correspondence does not imply any mutual cancellation
between the two contributions, but is simply a helpful
organizational scheme. Only after all the diagrams, in-
cluding the counter-terms, are added together do all the
divergences cancel. The coefficients of the terms of order
−2 are very simple and cancel separately among the di-
agrams in Fig. 2 and among the diagrams involving the
counter-terms. Using the same enumeration as in Fig. 2
4we find
−2 coefficients = ig
(
λ
16pi2
)2
γµ
8
(11)
× (−4, 1, 1,−4, 4, 4,−1,−1) .
The coefficients of the diagrams involving the counter-
terms are obtained by multiplying the above by a fac-
tor of (−2). Note that the sum vanishes as required by
renormalizability of the theory and the neutrality of the
WIMP.
The coefficients of terms of order −1 correspond
to non-local sub-divergences and are considerably more
complex, involving all the masses in the problem. Gen-
erally these can only be written as unevaluated integrals
over the Feynman parameters. Thus, their mutual can-
cellation forms a non-trivial check on the calculation. We
have checked that they indeed cancel in two ways: by
performing the integrals numerically for specific choices
of masses and momenta; by considering the heavy medi-
ator mass limit Ms,Mf  mχ , q2, where the diagrams
can be simplified. We now give the results for the lat-
ter case when the scalar and fermion mediators are set
equal. The terms involving σµνqν to order M
−1
f in the
heavy mediator expansion are given by
(
−1 coefficients
σµνqν terms
)
= ig
(
λ
16pi2
)2
iσµνqν
48Mf
(12)
× (−16,−8, 4, 40, 20, 20, 6, 6) ,
whereas the corresponding diagrams involving the
counter-terms yield precisely the same results but with
an opposite sign. Away from the equal mediator mass
limit this sums up to
∑
diag
(
−1 coefficients
σµνqν terms
)
(13)
= ig
(
λ
16pi2
)2
2iMfσ
µνqν(
M2f −M2s
)3
(
− 3M4f
+ 3M2fM
2
s +
(
4M4f +M
2
fM
2
s +M
4
s
)
log
(
Mf
Ms
))
,
which reproduces the sum of the terms in Eq. (12) in
the appropriate limit. This contribution cancels exactly
against the one coming from the diagrams involving the
counter-terms.
The terms involving γµ are given by(
−1 coefficients
γµ terms
)
= ig
(
λ
16pi2
)2
γµ
48Mf
(14)
×

12 + 48γ¯ − 32mχMf
15− 12γ¯ + 8mχMf
−5− 12γ¯ − 8mχMf
−68 + 48γ¯ − 112mχMf
28− 48γ¯ + 72mχMf
28− 48γ¯ + 72mχMf
−5 + 12γ¯
−5 + 12γ¯

,
which sums up to zero independently as can be confirmed
directly. Here γ¯ = γ−log 4pi+logM2f . The corresponding
terms involving the counter-terms are(
−1 coefficients
γµ terms
)
= ig
(
λ
16pi2
)2
γµ
12Mf
(15)
×

−12γ¯ + 8mχMf
3γ¯ − 2mχMf
2 + 3γ¯ + 2
mχ
Mf
8− 12γ¯ + 28mχMf
−4 + 12γ¯ − 18mχMf
−4 + 12γ¯ − 18mχMf
−1− 3γ¯
−1− 3γ¯

.
If the quartic coupling κ is included, then there are
three more diagrams at two-loop order as shown in Fig. 3.
At this order, there are no gauge-boson vertex correc-
tions involving the quartic, only scalar propagator cor-
rections. Since at one-loop order the quartic correction
to the scalar propagator is independent of the momen-
tum that flows into the loop, the associated two-loop di-
agrams are factorizable and hence easy to compute. The
divergences in these diagrams are only of order −1 and
cancel precisely against the contribution of the quartic to
the counter-term of the scalar propagator in Eq. (8). We
provide the full expressions associated with the diagrams
in Fig 3 in Appendix A.
We calculated the diagrams in two different and in-
dependent ways: in the first approach we computed the
diagrams analytically using Mathematica up to numer-
ical integrals over Feynman parameters; in the second
approach we used the Software SecDec [37]; the results
agreed throughout within the numerical uncertainties.
SecDec can only compute Feynman integrals whose nu-
merators are Lorentz scalars, so that the calculation of
tensor integrals demands some additional work. In order
to do so, one may start from the fact that, given the ana-
lyticity of the integrals in the dimensional regularization
parameter , and demanding Lorentz invariance, a tensor
integral may be expressed as a Laurent series in , where
each term of the series is a sum of scalar functions of the
5(10) (11)
(9)
FIG. 3. All diagrams at two-loop orders contributing to the
magnetic dipole moment involving the scalar quartic vertex.
external momenta, multiplied by monomials in the latter
and the metric which are adequately contracted to repro-
duce the index structure of the integrand. Schematically,
for a two-loop tensor integral Iµ1,...,µn2l with external mo-
menta p1, . . . pk,
Iµ1,...,µn2l [p1, . . . , pk] =
∞∑
n=−2
n
∑
m
fn,m(pi · pj)Mµ1,...,µnn,m ,
(16)
whereMµ1,...,µnn,m represents a monomial constructed from
the metric and the external momenta with the same in-
dex structure as the integrand, and the sum m runs over
all possible monomials. Symmetries of the integrand, for
example under permutations of momenta, constrain the
coefficients fn,m(pi · pj) and may be used to simplify the
above expression. Furthermore, the functions f−2,m are
restricted by the fact that in dimensional regularization
the coefficient of the highest pole is a local polynomial
of the external momenta of the appropriate mass dimen-
sion. For example, an integral which is dimensionless in
the limit  → 0 and which depends on a single external
momentum p, can be written as∫
dDk dDl lµ kνFinv(l, k, p) =
1
2
A−2gµν
+
1

(A−1(p2)gµν +B−1(p2)pµpν)
+ (A0(p
2)gµν +B0(p
2)pµpν) +O().
Note the absence of a pµpν term in the −2 pole, which
cannot appear in a local polynomial of the momenta with
mass dimension zero. From the previous integral one may
obtain scalar integrals by contracting the free Lorentz in-
dices with the D-dimensional metric or with external mo-
menta, which may be arbitrarily chosen 2. These scalar
integrals can be computed with SecDec, and will de-
pend as well on the A and B coefficient functions above;
by using different contractions one obtains systems of
equations that can be solved to obtain these coefficient
functions evaluated at the chosen external momentum.
The procedure can be generalized to more complicated
Lorentz structures.
The results presented in the next section were obtained
by numerically integrating over the Feynman parameters
the analytic expressions for the integrands obtained in
Mathematica. SecDec was used throughout to cross-
check the real part of all the numerical results. It was
also used to compute the imaginary part when kinemat-
ical thresholds were crossed (as in the calculation of the
production cross-sections of the WIMP in colliders).
III. RESULTS
This section presents numerical results for the two-loop
contributions for the form factors F1(q
2) and F2(q
2) in
Eq. (4). This allows us to investigate the adequacy of the
perturbation expansion in different regions of the param-
eter space. First, we will consider the case of time-like
momentum exchange, which is relevant for WIMP anni-
hilation as well as the direct production rate of WIMPs in
colliders. Second, we will treat the case of space-like ex-
change which is relevant for the phenomenology of DM
direct-detection. Throughout we set the WIMP mass
mχ = 135 GeV, but the results for any other value can
be easily obtained by simple rescaling of all the mass
scales involved (including the renormalization scale).
A. Time-like momentum exchange q2 > 0
A time-like momentum exchange q2 = (2mχ)
2 =
4m2
χ
is relevant for annihilation calculations in the non-
relativistic limit. In ref. [35] it was shown that this pro-
cess leads to the correct relic abundance of the WIMP
when the coupling to the charge messengers is sizable
αλ ≈ 1 − 2 for messenger masses in the range of
140 − 300 GeV. In Fig. 4 we show numerical results for
the one and two-loop contributions to the form factors
F1 and F2 coming from the diagrams of section II for dif-
ferent values of the renormalization scale µ. Note that µ
2 Note that SecDec assumes that the momenta of a diagram add
up to zero, so that if one is to introduce additional spurious
external momenta they have to add up to zero separately from
the physical momenta.
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FIG. 4. One- and two-loop contributions to the form fac-
tors F1 (top-pane) and F2 (bottom-pane) as a function of the
messenger mass, for different values of the RG scale. Here we
set the WIMP mass mχ = 135 GeV, the messenger masses
Ms = Mf = Mmess, the momentum transfer q
2 = 4m2
χ
, and
the couplings αλ = 1, κ = 0.
was changed while keeping the Yukawa coupling λ con-
stant, so that we were not probing the total renormal-
ization group (RG) dependence, but rather the explicit
dependence on µ. As such, the one-loop correction has no
explicit dependence on µ since it is finite as dictated by
gauge invariance (dark matter is neutral and has no tree-
level couplings to the photon). This is in contrast with
the two-loop corrections, which do explicitly depend on
µ due to the presence of one-loop sub-divergences. This
is expected from the fact that the resummed Green func-
tion has to be independent of µ, so that the implicit de-
pendence on the scale through the renormalization group
has to be compensated by an explicit dependence. Now,
since the resummed Green function is scale-independent,
one is free to choose the value of µ at one’s convenience,
but when truncating the perturbative expansion it makes
sense to choose the value of the scale that minimizes the
higher order corrections and leads to a better perturba-
tive behavior. From Fig. 4 we see that even for a strong
value of the coupling such as αλ = 1, two loop corrections
can be kept smaller than the one-loop ones by more than
a factor of two for a wide range of messenger masses.
This range can be optimized by choosing an appropriate
renormalization scale; for Mmess . 200 GeV for example
a good choice is µ ≈ mχ/2 as can be seen in Fig. 4. This
is suggestive of a reliable perturbative behavior, so that
the results of ref. [35] with the two-loop update presented
here may be trusted when calculations are performed at
an adequate RG scale. Results for other values of the
coupling λ can be obtained by taking into account that
the one and two-loop contributions to the form-factor F1
scale as λ2 and λ4, respectively. The results for the mag-
netic form-factor F2 scale as a constant (one-loop) and λ
2
(two-loop). Even for larger values of the coupling αλ > 1,
an acceptable perturbative behavior may be maintained
for sufficiently large messenger masses.
Regarding the dependence on the quartic coupling κ,
the diagrams of Fig. 3 give rise to contributions propor-
tional to κλ2, with coefficients that turn out to be smaller
than those of the λ4 contributions. These are subdomi-
nant as long as κ . λ2. Whether or not this is the case
cannot be presently determined since in contrast with
the Yukawa coupling, there is no direct phenomenologi-
cal constraint on the quartic (κ only affects dark-matter
annihilation diagrams at two-loops and beyond, so that
the one-loop results of ref. [35] only enforce λ to be large).
Nevertheless it is reassuring that the phenomenology of
the model is not strongly sensitive to the choice of the
quartic as seen in Fig. 5 which shows the effect of the
quartic κ on the form-factors.
Values of the momentum transfer greater than 4m2χ are
relevant for the estimation of cross-sections at the LHC,
which are studied in §IV C. The appearance of thresh-
old effects and numerical stability makes a full compu-
tation of the two-loop diagrams for an appreciable range
of q2 challenging. The program SecDec can successfully
deal with threshold singularities, yet numerical issues are
still problematic. As explained in §IV C, we were able to
compute the one-loop form factors, including their imag-
inary parts, for the whole range of values of q2 relevant
for LHC phenomenology (see Fig. 10). As will be ar-
gued in § IV C, the LHC cross-sections are expected to
be dominated by F2 evaluated near thresholds, where the
one-loop contribution is greatly enhanced with respect to
the two-loop one. This can be seen on the bottom pane
of Fig. 4 near the threshold for messenger pair produc-
tion, i.e. for Mmess ∼ mχ (recall that for this figure
q2 = 4m2χ). Therefore, while we do not provide results
for the two-loop contributions in the region q2 > 4m2
χ
, we
believe these effects to be inconsequential to LHC phe-
nomenology.
B. Space-like momentum exchange q2 < 0
The scattering process of WIMPs against nuclei and
the subsequent observable nuclear recoil forms the ba-
sis for efforts of direct-detection of DM in underground
laboratories. Since the WIMP is entirely non-relativistic
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FIG. 5. Two-loop contributions to the form factors F1 and F2
as a function of the quartic coupling κ. The form-factors are
normalized to their value at κ = 0. Here we set the WIMP
mass mχ = 2µ = 135 GeV, the messanger mass Mf = Ms =
160 GeV, and the Yukawa coupling αλ = 1.
and the target is at rest, these collisions are dominated
by very low space-like momentum exchange q2  m
χ
.
Thus, it is useful to expand the form-factors in powers
of the momentum exchange and keep only the leading
order terms. Since the WIMP is neutral, F1 must vanish
in the limit of q2 → 0 and so it proves useful to define
the following,
F1(q
2) = − µχq
2
6g′Mf
f1. (17)
In the limit of small momentum-transfer, q2 → 0, the
form-factors at one-loop are then given by
f
(1)
1 = −
3
ζ2M
(
1−
√
1− ζ2M
ζM
tan−1
(
ζM√
1− ζ2M
))
= −1− 2ζ
2
M
5
+O (ζ4M) , (18)
F
(1)
2 = −
1
ζM
(
1− 1
ζM
√
1 + ζM
1− ζM tan
−1
(
ζM√
1− ζ2M
))
= −1− 2ζM
3
− 2ζ
2
M
3
+O (ζ3M) , (19)
where
ζM ≡
mχ
2Mf
. (20)
Defined in this way, both f1 and F2 approach unity in
the heavy mediator mass limit Mf  mχ .
We begin by giving the two-loop contribution to the
form-factor coming from the quartic coupling since it can
be stated analytically,[ κ
16pi2
(
γ − 1 + log
(
M2s
4piµ2
))]−1
f
(2)
1 =
3
(
ζM
√
1−ζ2M
(−3+2ζ2M)+ (3−4ζ2M) tan−1 [ ζM√1−ζ2M
])
8(1− ζM )ζ4M
√
1− ζ2M
= −2ζM
5
− 2ζ
2
M
5
+O (ζ3M) , (21)
[ κ
16pi2
(
γ − 1 + log
(
M2s
4piµ2
))]−1
F
(2)
2 =
3
(
ζM
√
1− ζ2M +
(−1 + 2ζ2M)ArcTan [ ζM√1−ζ2M
])
8(1− ζM )ζ3M
√
1− ζ2M
=
1
2
+
ζM
2
+
4ζ2M
5
+O (ζ3M) . (22)
Unless the quartic approaches non-perturbative values,
κ ≈ 16pi2, these contributions remain small as compared
with the one-loop results.
The two-loop corrections associated with the Yukawa
coupling alone are more involved and cannot be easily
written down in closed form. Instead we plot the form-
factors as a function of the messenger mass in Fig. 6.
Again the two-loop contribution is more substantial for
very low messenger masses Mf ,Ms ≈ mχ , but remains
under control for the appropriate choice of renormaliza-
tion scale µ ≈ mχ/2.
IV. PHENOMENOLOGY
A. Relic Abundance
Armed with the numerical results summarized in the
previous section, we can explore the phenomenological
consequences. The most immediate question to be an-
swered is how the two-loop corrections affect the value
of the coupling required to get the correct relic abun-
dance –indeed, it was the requirement of getting the relic-
abundance correct at one-loop order that demanded a
strong coupling αλ ≈ 1 in the first place [35]. The relic
abundance can be computed from the annihilation cross-
sections into light fermions and gauge bosons, which are
given in appendix B. Fig. 7 shows the value of the cou-
pling αλ that yields the correct relic abundance as a
function of a common messenger mass, for different val-
ues of the RG scale, at one and two-loops. As noted
in the previous section, two-loop corrections are under
control and do not drastically change the phenomenol-
ogy. Again, these corrections can be minimized for ap-
propriate choices of the renormalization scale; as was seen
before, for low messenger masses an optimal choice is
µ ≈ m
χ
/2, for which the correct relic abundance can be
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FIG. 6. One- and two-loop contributions to the form factors
f1 (up) and F2 (down) in the low momentum exchange limit
q2 = 0. Here mχ = 135 GeV, αλ = 1, κ = 0, in terms of the
messenger mass, with one set of messenger fields, for different
values of the renormalization scale µ.
obtained while keeping a reasonable perturbative behav-
ior, with two-loop contributions at least a factor of two
smaller than the one-loop result. This is shown in more
detail in Fig. 8, where we plot the ratios between the one-
and two-loop contributions to the form factors F1 and F2
when αλ is fixed to get the correct relic abundance and
the RG scale is set at µ = m
χ
/2.
It can also be seen in Fig. 7 that both the one and two-
loop results converge towards similar small values of these
coupling for small enough messenger masses. The anni-
hilation cross-section is dominated by the contributions
from the form factor F2, as evidenced by their numerical
values in Fig. 4 and the fact that the zeros of the two-loop
contributions to F2 of Fig. 4 correspond quite closely to
the crossings of the one- and two-loop curves of Fig. 7.
When the messenger mass approaches the dark matter
mass the momentum transfer in the non-relativistic limit
q2 = (2m
χ
)2 is close to the threshold singularity associ-
ated with the on-shell production of a pair of messengers,
so that the annihilation cross-section is enhanced and a
lower value of αλ is required to get the relic abundance.
The fact that the one and two-loop curves converge can
be explained by noting that for F2 near the threshold the
two-loop results remain bounded, while the one-loop re-
sult grows fast in magnitude and dominates (see Fig. 4).
It is interesting to note that for larger representations
of the messenger fields, the contributions from the one-
and two-loop diagrams both scale as the number of mes-
sengers in the loop (neglecting the quartic). Therefore,
at least at this order of perturbation theory, it is possible
to obtain the correct relic abundance with a lower inter-
action strength, but larger representations. This has the
effect of diminishing the relative importance of the two-
loop contribution, as is clearly illustrated by the bottom
pane of Fig. 7 in the case of two families of messengers.
The results show that the two-loop contributions to the
annihilation cross section are under control, and a correct
relic abundance can be still obtained. This boosts our
confidence in the fact that the phenomenological success
of the model is not foiled by higher loop corrections and is
robust despite the strong coupling. However, it should be
kept in mind that the above only pertains to the s-channel
annihilation into charged fermions (and vector-bosons)
through γ/Z which determines the relic abundance of DM
in this model. The annihilation into two photons γγ (or
γ+Z), which is relevant for the rate observed in searches
for γ-ray lines, is dominated by the Rayleigh operator [31,
35]. In the present work we have not computed the two-
loop contribution to the Rayleigh operator and so it is
not yet possible to determine the effect on the rate at
two-loop order.
B. Direct Detection
We now turn to another aspect of the phenomenol-
ogy of MDM, namely the possibility of directly detect-
ing DM collisions with nuclei by scattering through its
dipole moment. The relevant phenomenological observ-
able is the nuclear recoil rate and this has been calculated
for elastic MDM models [11, 38] as well as the inelastic
MiDM model [10]. For scattering against nuclei photon
exchange is dominant and the relevant vertex is as de-
fined in Eq. (4), but with µ
χγ
≡ µ
χ
cos θ
W
. At low mo-
mentum exchange it then proves useful to use Eq. (17),
F1(q
2) = − µχγ q
2
6g′Mf
f1 and write the vertex as
Γµ(q2) = −γµ
(
µ
χγ
q2
6Mf
)
f1 + iµχγσ
µνqν F2. (23)
The second part of the vertex associated with the dipole
moment leads to scattering against the nucleus’ dipole as
well as its charge. We consider then the scattering pro-
cess χN → χ′N where N represents the nucleus, and χ′
is some possibly heavier WIMP states with a mass split-
ting m
χ
+δ. The elastic limit can be easily obtained from
the results below by setting δ = 0. Ignoring the contribu-
tion from f1 for a moment, the differential cross-section
for non-relativistic inelastic WIMP scattering against the
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FIG. 7. The Yukawa coupling vs. the messengers’ mass fixing
the freezeout rate at σv = 6 × 10−26cm3/s, at one and two-
loop order, for different values of the RG scale µ, in the case of
one family of messengers (top pane) and two families (bottom
pane). Note that the two-loop corrections in the latter case
are relatively smaller, as discussed in the text.
nucleus due to the magnetic dipole moment can be writ-
ten as [10]
dσ
dE
R
=
dσ
DD
dE
R
+
dσ
DZ
dE
R
, (24)
one loopF1
F2
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FIG. 8. Ratios between the one and two-loop contributions
to the form factors F1 and F2, for mχ = 2µ = 135 GeV,
q2 = 4m2
χ
, κ = 0, and αλ fixed by the relic abundance as in
Fig. 7, for one messenger family. The jagedness of the solid
curve is due to numerical precision issues coming from the fact
that the overall form factor F1 is close to zero (see Fig. 4).
In the case of F2, the ratio of one-to two-loop contributions
blows up as the two-loop correction approaches zero while the
one-loop result stays finite, as can be seen from Fig. 4.
where the dipole-dipole term is given by,
dσ
DD
dE
R
= Zχ
16piα2m
N
v2
(µnuc
e
)2 (µ
χγ
e
)2
(25)
×
(
Sχ + 1
3Sχ
)(
SN + 1
3SN
)
F 2D[ER ],
and the dipole-charge term is given by,
dσDZ
dE
R
∣∣∣∣
F1=0
= Zχ
4piZ2α2
E
R
(µχγ
e
)2 [
1−ER
v2
(
1
2mN
+
1
m
χ
)
(26)
− δ
v2
(
1
µNχ
+
δ
2mNER
)](
Sχ + 1
3Sχ
)
F 2[E
R
].
Here E
R
is the recoil energy of the nucleus as measured
in the lab, m
N
is the mass of the nucleus, µnuc is the
nuclear magnetic dipole moment, Sχ = 1/2 is the spin of
the WIMP and SN is the spin of the nucleus, FD[ER ] is
the nuclear spin form-factor, Z is the nuclear charge, and
F [E
R
] is the nuclear charge form-factor. We included the
dark-matter field renormalization factor Zχ that enters
the scattering amplitude at two-loops and beyond (see
Eqs. (B-3) and (B-1)). A detailed discussion of these
terms and their affects can be found in ref. [10].
At lowest order the direct-detection rate is therefore
mostly affected by the magnetic dipole moment contribu-
tion. We plot the strength of the magnetic dipole in Fig. 9
against the messenger mass, fixing the Yukawa coupling
by requiring a freeze-out rate of σv = 6 × 10−26cm3/s.
For elastic scattering, such a large magnetic moment
is strongly excluded by current direct-detection exper-
iments [13, 35] at the level of µ
χ
. 6 × 10−5µ
N
for
10
m
χ
∼ 135 GeV. However, in the inelastic case with
δ ∼ 100 keV the constraints are considerably weaker and
such magnetic moments are within reach of current ef-
forts [10]. Indeed, one of the original motivations for
the MiDM model was to explain the signal seen by the
DAMA collaboration [39]. The magnetic dipole strength
needed for that purpose is a little larger ∼ few ×10−3µ
N
,
but it is surprisingly close to the values shown in Fig. 9.
In that regard, one should keep in mind that the DAMA
experiment suffers from unknown backgrounds that make
it difficult to extract the precise overall rate of any puta-
tive signal seen in the modulation analysis [40, 41].
The differential cross-sections of Eqs. (25) and (26) are
slightly modified in the presence of the form-factors f1
and F2 of Eq. (23),
dσDD
dE
R
= F 22
dσ
DD
dE
R
∣∣∣∣
f1=0
, (27)
dσ
DZ
dE
R
= F 22
dσ
DZ
dE
R
∣∣∣∣
f1=0
(28)
+ Zχ
4piα2Z2
3v2
(µ
χγ
e
)2 1
mχ
(
m
N
Mf
F2f1+
m
χ
m
N
6M2f
f21
)
.
It is beyond the scope of the present work to explore in
detail the effect of these modifications on all the different
direct detection experiments. But inspection of Eqs. (27)
and (28) and the results presented in the previous sec-
tion for the form-factors in the low momentum exchange
region (see e.g. the one-loop results in Eqs. (18) and (19)
and the two-loop corrections in Fig. (6)), should make
it clear that the changes are rather mild unless the mes-
sengers are very close in mass to the WIMP. As shown
in Eq. (18) and Fig. (6) the form-factor |f1| approaches
unity quadratically as the ratio of WIMP mass to mes-
senger mass, m
χ
/Mf diminishes. The dipole form-factor
F2 does so only linearly, as in Eq. (18), but both form-
factors appear quadratically in the cross-section and so
the overall effect is rather mild. Nevertheless, using the
results presented above, it is now possible to reliably cal-
culate the corrections to the scattering cross-section in
the model defined by the Yukawa coupling Eq. (2) for
any of the different direct detection experiments.
C. LHC production
To close the study of phenomenological aspects of the
model, in this section we focus on the cross-section for
pair production of the WIMP at the LHC. One should
keep in mind that since LHC beam energies are much
above the charged messengers mass these states can be
produced directly on-shell. Indeed, the messengers are
much more easily produced than the WIMP itself, but
the LHC phenomenology associated with these states
strongly depends on how they decay. This was recently
discussed in ref. [36] where a systematic study of this pos-
sibility was presented. Here we confine ourselves to the
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FIG. 9. The magnetic dipole moment normalized to the nu-
clear magneton plotted against the messengers’ mass fixing
the freezeout rate at σv = 6×10−26cm3/s, for different values
of the RG scale µ, and for the case of one family of messengers
(top pane) and two families (bottom pane).
production of the WIMP itself. In the limit of degenerate
masses for the Majorana WIMPS, the decay products of
the heavier state are too soft to be detected, and dark
matter may be signaled by unbalanced initial state radi-
ation. Thus the relevant searches are mono-photon and
mono-jet searches, as was discussed in detail in ref. [31].
A complete calculation at two-loops is complicated by
the fact that the center-of-mass energy
√
s in the par-
ton frame goes across several singular thresholds of the
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one and two-loop diagrams, which develop an imaginary
part. An accurate computation can be done by deform-
ing the integration contour in order to avoid the singulari-
ties, which is nicely implemented in the software SecDec
[37]. We were able to do this successfully at one-loop, ob-
taining the real and imaginary parts of the form factors
for the full range of q2 relevant for LHC kinematics; the
results are illustrated by Fig. 10, showing the real and
imaginary parts of the one-loop form factors as a function
of q2 for Mmess = 200 GeV and α = 2; note the singular-
ity at the messenger production threshold at 400 GeV,
beyond which a nonzero imaginary part develops. Due
to the daunting computational cost of calculating two-
loop diagrams for a wide enough range of values of
√
s
so as to allow for a reliable numerical integration when
computing cross-sections, we opted to include two-loop
effects only through field renormalization contributions
to the scattering amplitudes, as well as in the determina-
tion of the coupling yielding the correct relic abundance
as in § IV A. This approximation is expected to be accu-
rate for the following reasons. As is clear from Fig. 10,
the calculation is expected to be dominated by F2 evalu-
ated near the threshold. Now, in section § III A we were
already able to compare one and two-loop contributions
to F2 near the threshold, when q
2 was fixed to 4m2χ and
the messenger mass was taken to be near mχ (bottom
pane of Fig. 4, near the vertical axis). In this situation,
the one-loop contribution to F2 peaks while the 2 loop
one stays bounded, so that neglecting it should be a safe
approximation.
The LHC cross sections were obtained by integrating
over
√
s the parton scattering amplitudes in the center-of-
mass frame multiplied by the appropriate MSTW parton
distribution functions; for this we used the Mathematica
package MSTW PDFs [42]. The resulting cross-sections,
with λ fixed by requiring the correct relic abundance as
in § IV A (taking µ = 1/2mχ for the two-loop correc-
tions) are plotted in Fig. 11, where we also include the
results with unresolved form factors (F1 = 0, F2 = 1 as
in ref. [31]), and also show bounds derived from CMS
monojet searches [43, 44]. The latter do not rule out
the scenario studied here. It is worth noticing that the q-
dependent form factors tend to increase the cross-sections
with respect to the unresolved case, at least for low mes-
senger masses, which can be attributed to the enhance-
ment of the form factors near the threshold singularity.
More details about the calculation of the cross-sections
are given in § B.
V. CONCLUSIONS
This work was devoted to the investigation of the dom-
inant two-loop contributions to the magnetic dipole mo-
ment of a neutral particle that is coupled to charged mes-
sengers as defined by the model of Eq. (3). In ref. [35]
the authors showed that this model can explain the ten-
tative Fermi line at 135 GeV as dark matter annihilating
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FIG. 10. Real and imaginary parts of F1 and F2 at one loop
as a function of q2, for mχ = 135 GeV, α = 2, κ = 0, Mmess =
200 GeV. Notice the threshold singularity at the messenger
mass.
into photons through a loop of the charged messengers.
There, it was found that the coupling to the messen-
gers must be sizable, αλ ∼ 1, in order to obtain the
correct phenomenology. Here we showed that this phe-
nomenological success is not spoiled by uncontrolled, αλ-
dependent corrections at the next order in perturbation
theory when the renormalization scale is chosen appropri-
ately (e.g. µ ∼ mχ/2 for low messenger masses). A more
robust conclusion which is less sensitive to the choice of
renormalization scale can only be obtained by including
three-loop corrections, a task which is well beyond the
scope of the present work. Nevertheless, it is encour-
aging that with a reasonable choice of renormalization
scale the next-to-leading corrections are mild. Including
the two-loop corrections, the correct relic abundance can
still be obtained when the WIMP annihilates through the
dipole moment into SM degrees of freedom. The present
day annihilation into di-photons proceeds through the
Rayleigh operator [35], and at least at one-loop order the
resulting rate is in agreement with the observed signal.
The two-loop computation of the Rayleigh process is left
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FIG. 11. LHC production cross section in terms of the mes-
senger mass, in the case of unresolved form factors (F1 =
0, F2 = 1), at one-loop and also including two-loop effects
from the determination of αλ and from field renormalization
effects for µ = 1/2mχ. The couplings were fixed so as to get
the correct relic abundance. Note that the q-dependent form
factors tend to enhance the cross-section; the dropping of the
two/loop curve at large messenger masses is related with two
loop corrections demanding lower values of αλ for high mes-
senger masses (see Fig. 7). We also show bounds from CMS
monojet searches.
for future work, but based on the current work we expect
it to similarly change the one-loop result in only a mild
way.
The phenomenology associated with direct-detection
of the WIMP and its direct production at the LHC is
also governed by the same one-photon vertex, but at dif-
ferent values of the momentum exchange. We have com-
puted the contribution to these processes as well. Inter-
estingly, the resulting direct-detection rates are within
reach of current efforts if the inelastic splitting between
the WIMP state and its excited pseudo-Dirac partner is
comparable to its kinetic energy in the halo as in the
MiDM scenario [10]. In the case of production in the
LHC the threshold singularities in the form-factors tend
to increase the production cross-section of the WIMP and
the excited state. If the inelastic splitting is sufficiently
large (∼ 10’s GeV) then the signal can easily be seen in
monophoton searches by making usage of the final-state
photon emitted by the excited state as it relaxes to the
ground state [31]. For smaller splittings, this photon is
likely too soft to be detected directly, and the signal must
be looked for in monojet searches using the initial-state
QCD radiation. The limits coming from such searches are
currently not sufficiently sensitive to detect the range of
dipole strength discussed in this work (see Fig. 11).
It remains to be seen whether the Fermi line holds
up and whether the model considered in this paper has
anything to do with dark matter.
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Appendix A
The contribution of the quartic coupling to the magnetic dipole moment appears at two-loops and the relevant
diagrams are displayed in Fig. 3, with corresponding diagrams where a counter-term is inserted. These diagrams all
involve corrections to the scalar propagator since at this order there is no gauge-boson vertex correction. As such,
they are particularly easy to compute because the scalar propagator correction does not depend on the momentum
of the propagator and so it factorizes.
+
p p
k
p p
κ cont.
(1− loop) ≡κ− cont.
(A-1)
=
−iκM2s
16pi2
(
Nϕ + 1
2
)(
γ − 1 + log
(
M2s
4piµ2
))
.
The two-loop contribution is then,
(1− loop)
κ− cont. = ×
(1− loop)
κ− cont.
(
gλ2
16pi2
)∫
d3yδ(y1 + y2 + y3 − 1)
(
f9
∆9
γµ +
g9
∆9
iσµνqν
Mf
)
, (A-2)
where the integral is over the Feynman parameters y1, y2, y3. Here the one-loop κ contribution is given in Eq. (A-1)
and
f9 = y3
(
M2f (1 + y1 + y2) + 2Mfmχy3 + y3
(
M2s +m
2
χ
(−1 + 2y3)
))
, (A-3)
g9 = y3(−1 + y3)(Mf +mχy3), (A-4)
∆9 =
(
(y1 + y2)M
2
f + y3M
2
s − (1− y3)y3m2χ − q2y1y2
)2
. (A-5)
Similarly for diagram (10) in Fig. 7 we have
= ×
(1− loop)
κ− cont.
(1− loop)
κ− cont.
(
gλ2
16pi2
)∫
d3yδ(y1 + y2 + y3 − 1)
(
f10
∆10
γµ +
g10
∆10
iσµνqν
Mf
)
, (A-6)
where
f10 = −y2
(
y1
(
(Mf +mχ)
2 −m2
χ
y1
)
− y3y2q2 +M2s (y2 + y3)
)
, (A-7)
g10 = −y2y1
(
Mf +mχ(1− y1)
)
, (A-8)
∆10 =
(
y1M
2
f + (y2 + y3)M
2
s − (1− y1)y1m2χ − y3y2q2
)2
. (A-9)
The last diagram in Fig. 7, diagram (11), yields the same contribution as diagram (10).
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FIG. 12. Diagram contributing to field and mass renormalization
Appendix B
This appendix presents formulae for relevant cross-sections. At two-loops, it is necessary to include one-loop
field renormalization factors in the LSZ reduction formula for scattering amplitudes. Taking only into account the
contributions coming from the coupling λ, it suffices to consider the field renormalization factor induced on the dark
matter field χ by the finite part of the propagator correction of Fig. 12. Evaluation of the diagram for Mf = Ms
yields, after proper renormalization in the minimal subtraction scheme,
iMFP (p) =i
(
/p
2
+Mf
)
δZ(p2, µ),
δZ(p2, µ) =
λ2Nm
8pi2
2− γE + log 4piµ2
M2f
− 2
√
4M2f − p2
p2
ArcCsc
2
√
M2f
p2
 , (B-1)
where Nm is the number of messenger fields. This implies that the relation between the mass parameter mχ in the
Lagrangian and the physical dark matter mass mχ,phys is modified to
m2χ,phys
(
1 +
δZ(m2χ,phys, µ)
2
)2
= m2
χ
(
1− Mf
mχ
δZ(m2χ,phys, µ)
)2
, (B-2)
while the field renormalization factor entering the LSZ formula is
Zχ(µ) =
(
1 +
δZ(m2χ,phys, µ)
2
)−1
. (B-3)
In the 2 loop diagrams of Fig. 2, there are propagators of the dark matter field χ whose masses should be corrected
according to Eqs. (B-1) and (B-2), while the mass terms coming from phase-space integration or on-shell relations
should be kept at the physical value, which was fixed at 135 GeV. To avoid this complication in the evaluation of
the integrals, we used a single value for the mass and substituted the DM propagator by the pole of the one-loop
contribution,
/p+mχ
p2 −m2
χ
→ Zχ(m2χ,phys, µ)
/p+mχ,phys
p2 −m2χ,phys
.
This is equivalent to including some 3 loop corrections.
The non-relativistic annihilation cross-section of dark matter particles χ and χ∗ into light fermions by s-schannel
exchange of Z and γ is given, in a nonrelativistic limit in which χ and χ∗ are taken as degenerate with mass m, by
σ(χχ∗ → ff)v = Zχ
512pim6 (m2Z − 4m2)2
(
e2q2f sec
2 θw
(
16m4
(
a2f + v
2
f + 1
)
+ cos(2θW )
(−16m4 (a2f + v2f − 1)
−8m2m2Z +m4Z
)
+ 8m2vf
(
4m2 −m2Z
)
sin(2θW )− 8m2m2Z +m4Z
) (
16e2F 21m
4 + 8F2m
2µχ cos θw
(
8F2m
4µχ cos θw
−8eF1m3
)) )
,
where θW is Weinberg’s angle, qf is the charge of the final fermion state, and af and vf denote the fermion field’s
axial and vector couplings to the Z boson normalized to the coupling to the photon. F1 and F2 designate the form
factors evaluated at q2 = 4m2.
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Similarly, the nonrelativistic annihilations into vector bosons γ, Z are given by
σ(χχ∗ → γγ)v =ZχF2(0)
4m2µχ
4 cos4 θw
4pi
,
σ(χχ∗ → γZ)v =Zχ
F2(0)
2µχ
2
(
4m2 −m2Z
)
sin2(θw)
(
F2(m
2
Z)µχ cos(θw)
(
4m2 +m2Z
)− 4eF1(m2Z)m)2
128pim4
.
In the above formulae, we used the fact that F1(0) = 0 (there is no long-range electromagnetic coupling for dark
matter), and the form factors were assumed to be real, which is a valid assumption for nonrelativistic values of
q2 = 4m2 < 4M2f for which no threshold singularities are reached. More care has to be taken in the case of LHC
production cross sections, which involve an integration over the partons’ center of mass energy, so that thresholds for
the production of the messenger fields ψ and φ are crossed, causing the form factors to get an imaginary part. The
differential production cross-section of χ, χ∗ by massless quarks is, this time admitting nondegenarate masses m and
m∗,
dσ(ff → χχ∗)
dt
= Zχ
1
8pis4
e2q2f
(
e2|F1|2(s2 +m2(2m2∗ − s− 2t) +m2∗(s− 2t) + 2st+ 2t2)
+
1
(m2Z − s)2
s(2eRe(F1F
∗
2 )s((mm
2
∗s(a
2
f + v
2
f )−m3∗s(a2f + v2f )−m(m2 − s)s(a2f + v2f ) +m∗(−2m4Z + 4m2Zs+
s(−2s+ (m2 + s)(a2f + v2f )))) cos(θw) + (m+m∗)((m−m∗)2 − s)(s(a2f + v2f ) sec(θw) + 2(−m2Z + s)vf sin(θw)))µχ
+ |F2|2(−(m2Z − s)2(m4 +m4∗ + 2t(s+ t)−m2(s+ 2t)−m2∗(3s+ 2t)) cos(θw)2 + s(−m4 −m4∗ + 2mm∗s− 2t(s+ t)
+m2(s+ 2t) +m2∗(s+ 2t)) sin(θw)(2(−m2Z + s)vf cos(θw) + s(a2f + v2f ) sin(θw)))µ2χ + e2|F1|2(2mm∗s+ s2 +m2(2m2∗
− s− 2t) + 2st+ 2t2 −m2∗(s+ 2t)) tan(θw)(2(−m2Z + s)vf + s(a2f + v2f ) tan(θw)))
)
,
where the Mandelstam variable t is t = (pa − pχ)2, pa being the momentum of the incoming fermion and pχ that of
the particle with mass m.
Appendix C
This appendix reproduces the formulae for the one-loop form factors that were obtained in ref. [31]. The form-factors
are given by the following integrals:
F1(q
2;m
χ
,Mf ,Ms) =− g
′λ2
16pi2
∫
dx dy dz
(
1 +
2m
χ
(Mf + (1− z)mχ)
∆s
− (Mf + zmχ)
2 + xy q2
∆f
+ log
(
∆f
∆s
))
,
F2(q
2;m
χ
,Mf ,Ms) =− 2Mf
∫
dx dy dz
(
1 +
z(Mf + (1− z)mχ)
∆s
+
2x(Mf + zmχ)
∆f
)
,
where the integrals are done under the constraint that x+ y + z = 1. The denominators are given by
∆f = zM
2
s + (x+ y)M
2
f − z(1− z)m2χ − xy q2, (C-1)
∆s = zM
2
f + (x+ y)M
2
s − z(1− z)m2χ − xy q2. (C-2)
In the limit of heavy messenger mass these form-factors are
F1(q
2) =
µχq
2
6Mf
(
2r2
(
3r2 − 3− (2 + r2) log r2)
(1− r2)2
)
, (C-3)
F2(q
2) = −2r
2
(
r2 − 1− log r2)
(1− r2)2 , (C-4)
where r = Mf/Ms.
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